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Abstract : For the data analysis of space-based interferometers, calculating the gravitational waves of Extreme-
mass-ratio-inspirals( EMRIs) in a highly accurate and efficient way is in high demand. In this paper, we pres-
ent so-called “fully recalibrated waveform” for EMRIs with high accuracy. Based on the numerical data, by
solving the Teukolsky equations, we recalibrate all of the mass-ratio independent coefficients of the factorized
waveforms that are used in the effective-one-body ( EOB) models. Due to these new coefficients with great effi-
ciency (about 1 400 times more efficient than numerically solving the Teukolsky equations with the same com-
puting environment ) , the precision of waveforms is improved enormously and is more accurate than other exist-
ing calibration models by at least one order in magnitude. For this reason, it meets the requirements of the
space-based gravitational wave detection mission for the accuracy of EMRI waveform for uninclined, quasi-cir-
cular orbits. By investigating the dephasing value with our model, the spin of compact objects and the mass-ra-
tio of the inspiralling system cannot be omitted in the waveform calculations. We believe our model will play
an important role in the waveform-template construction of space-based GW detectors.
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1 Introduction

Extreme-mass-ratio-inspirals( EMRIs) are com-
posed by supermassive black holes and stellar-mass
compact bodies. For example, an EMRI event is
that a compact body ( stellarmassive black holes,
neutron stars eic. ) orbits around a supermassive
black hole in a strong field zone the radius of an or-
bit shrinks due to the radiation of gravitational waves
(GWs). People popularly believe that there are su-
permassive black-holes that reside in the centre of
most galaxies'''. The typical mass of a supermassive
blackhole ranges from about 10° to 107 solar masses
(M) "', The frequency of GWs from EMRIs can
be around 10 > =10 ™' Hz when the small body’s or-
bit is in the wildly relativistic region of the central
black hole. EMRIs are very important gravitational
wave sources for space-based detectors such as LI-
SA"®) | Taiji'*" and Tiangin"*'.
of Refs. [6-9], LISA should see about 50 such EM-

RI events per year out to redshifts z=1, based on

From the estimations

calculations of stellar dynamics in galaxies’ central
cusps' ',

Like LIGO, these space-based detectors also
make use of matched-filtering technology to search
the GW signals and analyze the properties and pa-
rameters of their sources. This requires a huge num-
ber of waveform templates in varied parameter
space. Accurately and efficiently calculating the
waveforms of EMRIs remains a challenge''"’. Usual-
ly, one can calculate the waveforms accurately using
numerical simulations ( for example, numerically

blackhole

tions ™) | but computing speed is too slow to gen-

computing  the perturbation  equa-
erate enough templates. Alternatively, one can use
post-Newtonian approximation ( including the hybrid

method, see e. g. Refs. [15-17]) to quickly gener-

doi;10.3788/C0.20191203. 0441

ate waveforms but doing so will invite a loss of accu-
racy in the strong field.

Considering the long time-scale of the wave-
forms of EMRIs, the requirement for accuracy and
efficiency of waveforms is quite high. In the final
year of the inspiral, an EMRI waveform has 10’ cir-
cles®’. If we limit the dephase to be less than one
circle between the theoretical templates and the real
waveforms, the accuracy of the radiation reaction
should be at 10 * (the data analysis of the LISA mis-
sion demands that the phase of the extracted wave-
form be accurate to within a fraction of a radian over
the entire inspiral:“] ). At the same time, the in-
spiral waveform depends on 14 different parame-
ters'"®). Based on the analysis of Ref. [9], if we as-
sume that only about 8 of these 14 parameters affect
phase evolution, it will need 10°** templates to per-
form a fully coherent matched-filtering search for
year-long inspiral waveforms.

In the LIGO's GW search, they used effective-
one-body (EOB) models'**’ to construct wave-form
templates'>'’. These EOB waveforms are cali-brated
using numerical relativity data to guarantee accura-
cy. Because the EOB method is basically an analyti-
cal post-Newtonian ( PN) formalism, the computing
efficiency is very high. The EOBNR model works
well in comparable mass-ratio binaries, but may not
in the EMRIs. However, this inspires us to develop
a similar waveform model in the EOB frame, 1. e. ,
calibrating the waveform formalisms by the numerical
Teukolsky-based data. The first attempt has been-
done by Yunes et al. %', They calibrated several
higher PN order coefficients to improve the accuracy
of the factorized-resummed waveforms. However, up
to now, most of the effort in calibrating the EOB and
Phenom models has been concentrated on the (2,2)

[11]

mode" . As an attempt, we recalibrated all the co-

efficients in the factorized-resummed waveform for-
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malisms and added a few higher order coefficients.
In this sense, we call our method a fully recalibrated
model. It will be seen that the accuracy of the wave-
forms improved greatly using our new recalibration.
This paper is organized as follows. In the next
section, we introduce the original PN waveforms in
the EOB frame. We then discuss our full recalibra-
tion method, our results and some comparisons in
section [ll. At last, conclusions and remarks are
given. Throughout the paper, we use units G =c¢ =1
and the metric signature ( —, +, +, + ). Distance
and time are measured by the central black-hole

mass M.

2 Factorized-resummed EOB wave-

forms

To overcome the very poor convergence of the
PN series( especially near the ISCO, i. e. innermost

stable circular orbit) identified by Cutler et al. "

[25

and Poisson'™ | Damour e al. suggested using re-

summation methods to extend the numerical validity
of PN expansions( at least) up to the ISCO'™’. This
technology was improved constantly ( for example,
see Refs. [ 2729 ]) and formed the factorized-re-
summed PN waveforms, which aims at extending the
validity of suitably resummed PN results beyond the
ISCO and up to the merger. The waveforms were lat-
er introduced in the EOB approach and used to con-
struct complete GW templates.
The factorized-resummed modes are

hy, = hoy ST L,e™ (py) (1)
where ¢ indicates the parity of the multipolar wave-
form, and h,"""“" is the Newtonian part. For the oth-
er terms as S;¥(v), T, (v), 8, (v) and p,,, we
could refer to Refs. [ 27,30 ] for detailed expres-
sions. p,, is a PN expansion about (v/c)". The nu-
meric coefficients can be divided into four groups
mass-ratio and spin independent; mass-ratio de-
pendent; spin dependent; and mass-ratio and spin

dependent coefficients. The energy fluxes down to in-

finity E* can be expressed using the harmonically-
m from Ref. [31]:
s 1 2 2
. o« wln | h m |
ey yetel (g

[=2 m=1 811-

decomposed waveforms h

in this expression, w, = m{2 where (2 is the orbital
frequency. Now the PN waveforms are only expand-
ed to multipoles [ =8.

In the case of EMRIs, one can also add the en-
ergy fluxes down to their event horizons ', We cal-
culate the flux through to the N/2-th order Taylor
expansion in PN theory ™

E" = 32/50%" Z [a,(v) +b,(v)log(v) Jo",

=0

(3)
where v is the symmetric mass-ratio which equals to
m,m,/(m, +m,)> (m,and m, are the masses of the
two components) , and v is the circular orbital fre-
quency. Following reference [22], we classify the
PN parameters based on their physical origins and
conditions of spin inclusion. Those that correspond
to radiation falling into the horizon will be labeled
(a b, with a superscript S(NS) if they are

spin-dependent ( spin-independent ) , where "™

Hor,NS Hor,$ Hor,$ e 1
b, , a/);” and b}, have been specified in refer-

ence [22]. For more details, see reference [33].

3 Fully recalibrated waveforms

Until now, the analytical forms of p,, are ex-

panded up to the 5PN order. For example
pn =1+ (%517/ —%)Uz _%‘]“ _%)03 o
(4)
where ¢ is the dimensionless Kerr parameter ¢ =
J/M?, and ] is the angular momentum of the black
hole. As already shown in Ref. [22], the accuracy
of these original waveforms is far from the require-
ment in the EMRI simulations ( note that, even with
the resummation method, it is not enough to solve
the EOB problem because the improved Hamiltonian

and radiation-reaction force are built from finite PN
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expansions ™" ). Yunes ef al. calibrated a few high-
er order coefficients to improve the accuracy of the
resummed formalisms. In previous work >’ by one of

us, we fitted a set of polynomials from the Teukol-

sky-based fluxes to accurately calculate E*" and
waveforms. In present work, we keep the forms of
the factorized-resummed expansions, but recalibrate
all numeric coefficients of these expansions. The ref-
erence data for recalibration are calculated using
highly accurate solutions of the Teukolsky equa-

[13-14]

tions . The details of the Teukolsky equations

and our numerical algorithm are addressed in our

(3537 .
13371 and the references inside.

previous papers
For the recalibration, following Refs. [ 22-23,
27-28], we first write down the expressions of p,,
with undetermined numeric coefficients, for m =1,
o =1 +aw’ +bg’ + (a, + b, )v" + byqv” +
[b,g" + a; + a,eulerlog(mw) ]0°
[byg + boq’ 10" + [b,¢° + byg" + ag +
geeulerlog(mv) 10° + (boq + byog’ )0’ +
[a, + ageulerlog(mv) ]v'"° +
[ay + ayeulerlog(mv) Jv', (5)
where eulerlog(mv) =y, + log(2mv), vy, =0.577
215:-- is Euler’s constant, and for m#1,
pm =1 +bqu+ (a, +b,¢°)0" + (byq +b,¢° )" +
(ay + bsq® + bog* )0 +
(byq + byq’ + bog’ )" +
[a, + ajeulerlog(mv) +
by + b, q" + bg® 10 +
[b,3q + b eulerlog(mv)q +
bisq’ +bg’ +b,q" 0 +
[as + ageulerlog(mv) Jv° +
[a, + ageulerlog(mv) 10" +
[ay + ayeulerlog(mv) Jv', (6)
The coefficients a,, a,, a,, -+ are spin-inde-
pendent, and those for b,, b,, by, -+ are spin-de-
pendent. Considering the small mass-ratio limit, all
terms that depend on mass-ratio have been omitted.
To get all the numeric coefficients in Eqs. (5,

6), we adopt a two-dimensional (i. e. , in spin pa-

rameter ¢ and orbital frequency v ) least-squares
method to suit them. The data for the least-squares
fitting comes from the highly accurate Teukolsky-
based fluxes. We have 17 groups of numerical data
-0.7,
-0.5, -0.3 -0.1,0.0, 0.1, 0.2, 0.3, 0.4,
0.5,0.6, 0.7, 0.75, 0.8, 0.85, 0.9. Where a

positive ¢ means that the direction of spin of the Kerr

with varied spin parameters ¢g: - 0.9,

black hole is in parallel with orbital angular momen-
tum of the small object, and negative ¢ means the
anti-parallel case applies. Because the ISCO is clos-
er to the black hole when ¢ approaches 1, and be-
cause the variations of fluxes at this point are wilder,
we insert two points ¢ =0.75, 0.85 between 0.7
and 0. 9. For each ¢, we sample 18 points in the or-
bital frequency parameters, from v =0.02 ~ 0. 08
(depends on ¢) to the frequency at ISCO weq,-
These 18 points are generated by the Chebyshev
nodes to obtain better performance on the boundary.
Therefore, we have 17 x 18 =306 sampling points in
total on the two dimensional parameter space {¢q,v}.
Combining Eq. (1) and Eq. (2), for each (I, m)

mode, one has

Em 11

Pin = [will hN”’"'l:PSW |] ' 2

Im* Im

The precise values of fluxes E;, on these sam-

in
pling points are provided by the numerical calcula-
tion of the Teukolsky equations. w, = m{2, and
can be calculated from the relation v = (MQ)"”. All
the other terms in the denominator can be directly
calculated from the analytical expressions. If value
of right hand side now is known, then one can solve
for all coefficients in Eqgs. (5,6) by using the two-
dimensional least-square method. All coefficients in
p,, are listed in Tab. 1 =3 of the Appendix.

To demonstrate the performances of these recal-
ibration formalisms, we show the relative differences
between our recalibrated fluxes and the Teukolsky-
based ones in Fig. 1. From Fig. 1 we can see that

the maximum relative error of our recalibrated fluxes

is sligthly larger than 1 x 10 *. Compared to Fig. 1
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Fig.1 Relative errors of the energy flux emissions to

infinity, where AE* =|E}, - E" |, E

, are

®
reca

the recalibrated PN fluxes

in Ref. [23 ], we can see that our new formalisms
are not only much better than the original factorized-
resummation PN fluxes ( relative errors are even lar-
ger than 10 "), but also that they are a little better
than the calibrated results of Yunes et al. '’ ( maxi-
mum relative error approaches 10 °). As expected ,
our model also has the advantage of being highly ef-
ficient by providing results of energy-flux for [ from 2
to 8 in approximately 1.8 ms versus approximately
2.5 s when numerically solving the Teukolsky equa-
tion for the same parameters.

However, based on the experiences in Ref.
[23], only one order of improvement may be not e-
nough for EMRI simulations with longer time scales.
We find that it is very hard to achieve more accurate
“global” coefficients that are valid for all ¢ parame-
ters. For better performance, the spin background is
divided into 4 groups (see Tab. 1, and for each ¢
group). Coefficients a,and b, in Eqgs. (5) are fitted

by the least squares method for this group only.
These grouped coefficients are listed in Tab. 4 of the
Appendix. Note that we still use the “global” coeffi-
cients for the m 5% [ cases in Eq. (6). This is be-
cause m =[ modes are much more dominant than m
#1 modes for the same [. The accuracy of fluxes is
mainly determined by the m =/ modes. For simplici-
ty, in the cases where m#1[, we still use the “glob-
al” coefficients listed in Tab. 2 —3 in the appendix
for all ¢ values. For some very unimportant modes
(such as [ =4, m =1), we directly use the original
PN formalisms which can be found in Ref. [27].
The results of the recalibrated fluxes using the
grouped coefficients in Tab. 4 from the appendix are
shown in Fig. 2. We can now see that the relative
precision is improved by one order of magnitude
compared to that of the “global” coefficients. The
maximum relative error is slightly larger than 1 X
10 °. We can conclude that our recalibrated wave-
forms are more precise than the ones in Ref. [ 23]

by about two orders of magnitude.

10

02 03 04 05 06 07

v/e

0 01

Fig.2 Relative errors of the grouped-recalibration ener-

gy flux emissions to infinity

Tab.1 Groups of g(m =1)

Group I

q -0.9~-0.3

-0.3~0.3

0.3~0.7 0.7~0.9

As we can see in Ref. [23 ], the PN formalisms

for the energy fluxes absorbed by the event horizon

are quite inaccurate. E" is also supposed to be cali-

brated as above according to Eq. (3) and the rele-

vant explanation in our paper. To improve the per-

. L Hor, NS
formance in estimating the energy flux, ag"" ",
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Hor,NS d Hor,NS
g and a,

are firstly selected for refitting to
correspondingly replace the original PN parameters
for ¢ =0 with 18 data points by using the least-
square method while keeping other parameters un-
changed (for @™ = gl — gHors _ Hors _ )
Then, under this precondition, we consider the pa-
rameter-fitting in a,;"" and a}y"™ for ¢ = - 0.9,
-0.7, -0.5, -0.3, -0.1,0,0.1,0.2, 0.3,
0.4,0.5,0.6,0.7, 0.8 and 0.9, each having 18
data points. For simplicity, we adopt the following

expressions for both terms and make p, fitted ;

Hor,S

al"” = piq +paq +pag +
Psd’ + 5@+ ped’
@y = pag +psq’ +pog’ +piogt +
Pud +pnd’ + pig- (8)

The results are listed in Tab.5 of the Appen-
dix.

The comparison of the total PN fluxes with Teu-
kolsky-based fluxes is shown in Fig. 3. We can see
that the recalibrated formalisms for the energy fluxes
down near the horizon are much more accurate than
those with original coefficients. Compared with the
Fig. 2 of Ref. [23], the accuracy of the total energy

fluxes improved about two orders of magnitude.

1077
108
10—°
0 01 02 03 04 05 06 07
v/e

Fig.3 Relative errors of the total energy fluxes which

include the black hole absorption terms. ENM =

32/50°0" is the leading-order( Newtonian) por-

tion of the flux

Theoretically, the higher the precision of the

fluxes, the more accurate the evolving waveforms.

To confirm the accuracy of the EOB model with our
recalibrated waveforms, we choose a specific EMRI
like the one in Ref. [23]. For simplicity, we just
choose EMRIs with masses M = 10°M_ and m =
10M, for a mass ratio of 10° and inspirals of ~ 10’
rads of orbital phase, depending on the spin. We
take EMRI with spin background of ¢ =0.9, 0 and
—0.9 and evolve them at an initial orbit radius of
ro =11M. The evolution lasts about 32 months for a
small object that reaches the ISCO. Because the ra-
dius of an ISCO where ¢ = —0.9 is about 9M ( com-
paratively, the one with ¢ = 0.9 is about 2.3M) ,
the EMRI evolves over about 8 months.

—q=09
—q=0
—q=—09

0 10 20 30
t/Month

Fig. 4  Absolute value of the dephasing (in radians)
computed in the recalibrated EOB model and
the Teukolsky-based waveforms for the domi-
nant(Z,m) = (2,2) mode (in this system,
M=10°M and m = 10M_ ). Different curves
correspond to different background spin values.
The cases where ¢ =0 and - 0.9 stop earlier

because they arrive at the ISCO earlier

The dephase of dominated (2,2) mode-wave-
forms calculated in the EOB frame with the newly
recalibrated formalisms and the Teukolsky-based
ones is shown in Fig. 4. During the whole evolution
of all spin parameters, the dephase is less than 0. 1
rad. This performance should satisfy the requirement
for the data analysis of the EMRIs. The reason for
our better performance for the dephase lies in the
high accuracy of the total energy fluxes (including
the black hole absorption term). We have two more

orders of improvement on the accuracy of the fluxes
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Fig.5 Dephase(in radians) caused by the spin of the
inspiraling particle computed in the recalibrated
EOB model with the general case and the mass-
ratio of 10 ™* (where M = 10° M, and m = 10
M) for different spin parameters of the central
black hole (in this case the mass-ratio does not

vanish in the Hamiltonian terms and p,, )

This also

induces two orders improvement in the dephase of

compared with the results in Ref. [ 23 ].

the (2,2) mode, accordingly.

In Fig.5 we illustrate the evolution of the
dephasing value induced by the spin of the particle
(S, =mgq, , where g, is the spin parameter of the par-
ticle) under various ¢ conditions in the EOB frame.
The evolution is initiated at a position where the fre-
quency of the waveform observed is about 2. 6 MHz
and is terminated at about the ISCO. The value of ¢,
is choosen to be 0.8 and -0. 8 in order to examine
the rough magnitude of this effect on dephase and
the corresponding effect from S,-direction. It is clear
that the maximum dephasing value approaches 50
rads when ¢ is 0. 9. The opposite S,-direction plays
an adverse role on the dephasing value.

The magnitude of the dephase due to the mass-
ratio is also shown in Fig. 6. The example we adopt
here is the “test particle model” (TP model ) that is
referred to as an approximation scheme in which the
mass-ratio vanishes in p,, and the Hamiltonian terms
except with dp_ /dt. Moreover, as the energy flux is
determined by the mass-ratio, the evolution appears

longer with an increase of v. However, the total

dephasing value seems unchanged at the ISCO.

As can be seen from the evolution of the
dephasing value, the magnitude induced by each
factor is accurately described by our recalibrated
EOB model ( when using the Teukolsky-based one as
a standard ). The spin of a compact object and the
mass-ratio of the inspiraling system is of high impact
(for instance, if the precondition; dephasing value
< is needed, then the time of evolution should not
exceed one month where » =10~ for some value of ¢
with the adopted approximation scheme) and its in-

fluence should not be neglected in data analysis.

4 Conclusions

The successes of the EOB model in the precise
simulation of waveforms from comparable mass-ratio
binaries motivated us to develop waveform models for
extreme-mass-ratio inspirals in the EOB framework.
At present, to improve the accuracy of factorized-re-
summation PN waveforms, we recalibrated all the
spin-independent and -dependent coefficients of the
PN waveform formalisms.

Firstly, we calibrated the global coefficients,
which are valid for all ¢ spin parameters by using 17
groups of numerical Teukolsky-based flux data with
g=-0.9, -0.7, -0.5, -0.3, -0.1, 0.0,
0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.75, 0.8,
0.85, 0.9. This improves the accuracy of fluxes by
about one order of magnitude compared with the pre-
vious results, as in Ref. [ 23 ]. For better waveform
formalisms, we divided the spin background into
four groups. For each group, we calibrated the coef-
ficients. In this way, we improved the accuracy of
the fluxes to about two orders higher than the previ-
ous results. Further more, we also calibrated a few
of the coefficients for the PN expressions of the ener-
gy-fluxes down to the horizon. This improves the ac-
curacy of total energy fluxes greatly. All these coeffi-

cients for calculation and validation are listed in



448 o DA

2%

10°
we TP model for g=—0.5
102 === TP model for ¢=0.0 1
3 = TP model for g=0.5
g 10! === TP model for g=0.9 ]
o
E 10°F i
T
g 107
=%
Q
8 10 ]
1073 " : . .
1075 10 107 1072 107" 10°
t/months
(a)
10°
=== TP model for g=—0.5
102 = TP model for g=0.0 E
2 = TP model for g=0.5
] === TP model for g=0.9
= 1o ]
o
Tl 3
-
2 0
= 10
=3
Q
| 1o ]
103 . . . p
107 1072 1070 100 100 10?
t/months
(®)

Fig.6 The dephase(in radians) induced by the “test-
particle model” ( compared with the general-
case) with a mass-ratio of 10 (subgraph(a),
where M =10°M and m =10°M ) and 107
(subgraph (b), where M = 10° M, and m =
10M,)

Tab. 1 =4 from the Appendix. To assess the quality
of the waveform model in the EMRI system, the
Teukolsky-based waveform was reasonably treated as
“exact” , as demonstrated in Ref. [ 16]. As for the
validity of our code which generates the relevant
Teukolsky-based numerical data for parameter-recal-
ibration and flux-comparison, please refer to Ref.
[35] for more details. In light of the discussion a-
bove, the accuracy of our waveform illustrated in
Fig. 1 =3 is definitely reliable.

With the recalibrated PN formalisms, we could
accurately evolve the orbits of EMRIs in the EOB
frame, and simultaneously obtain the waveforms. In

this way, the computation efficiency was much high-

er(about 1 400 times faster in our case) than solving
the Teukolsky equation numerically. For example,
we calculated the dephasing of the (2,2) mode be-
tween the recalibrated waveforms and the Teukolksy-
based ones for an EMRI. As we could see, the
dephasing was less than 0. 1 rads, even for volution-
ary waveforms that spanned more than 30 months.
We think that the performance of the recalibrated
waveforms in the EOB frame meet the requirement of
the waveform templates of the EMRIs for space-
based GW detectors. With these new waveforms, we
could calculate the waveforms of EMRIs for long
time-scales with accuracy and efficiency. We believe
that our recalibrated formalisms can replace the Teu-
kolsky-based waveforms in future data analysis.

As an application of our model, we investigated
the spin of compact objects and the mass-ratio of the
inspiraling system under a mass-ratio-related approx-
imation scheme and their effect on the dephasing
value during evolution using our model. The results
showed that they are considerable in both magnitude
and in time span, which should catch our attention
in the data analysis.

However, there are at least three points that
may help further improve the results in the present
research. First, one can add more (/,m) modes. In
this paper, we only consider the modes up to [ =8.
For higher modes, one can write down the similar
formalisms, then calibrate the coefficients from nu-
merical data. Second, one may find a better way to-
calibrate the fluxes down to the horizon of black
hole. Third, the recalibration model is currently
confined to the case of circular, equatorial orbits,
thus could be extended to more generic orbits.

Efficiency and accuracy are both highly valued
in the search for the GWs of EMRIs. We believe our
recalibration model will contribute to the waveform-
template construction of space-based GW detectors,
and play a role in promoting the development of

gravitational wave astronomy.
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Appendix
Tab.1 The coefficients of m =1 modes which are valid for arbitrary spin parameters

(l,m) (2,2) (3,3) (4,4) (5,5) (6,6) (7,7) (8,8)
al -1.022468 181 TE+00 -1.166 063 960 2E +00 -1.22235637E+00 -1.243 446 73E+00 -1.261 692 97E+00 -1.268 734 25E+00 -1.272 515 18E +00
a2 -2.556 630282 3E+00 -1.982233 7425E+00 -1.797 768 05E+00 -1.716 611 88E+00 -1.671 14578E+00 -1.64291377E+00 -1.623 687 30E +00
a3 -2.9893629178E+01 1.777 643876 1IE+01  2.886 247 I8E+01  3.337564 34E+01  3.577383 61E+01  3.734903 96E +01  3.847 593 79E +01
b -1.3218639793E+02 -6.496 732 141 8E+01 -4.359 364 35E +01 -3.458 434 47TE +01 -2.943 673 66E +01 -2.617 925 16E +01 -2.390 323 07E +01
a5 3.003 861 000 9E +03  2.217282903 4E+03  1.806 549 41E+03  1.622294 08E+03  1.507914 88E +03  1.434376 85E+03  1.382 208 86E +03
a6 -3.890299 901 0E +03 - 1.898 295 906 6E +03 -1.242 600 28E +03 -9.693 349 89E +02 -8.139 852 99E+02 -7.159 489 95E+02 -6.477 228 59E +02
al 2.8347275155E+04 1726656 8850E+04  1.282 883 64E+04  1.095918 7TIE+04  9.86577323E +03 9.17631339E + 03 8. 69764708 +03
a8 -1.639 831498 1E+04 -8.112548 558 9E +03 -5.307 193 33E+03 -4.150 991 20E +03 -3.495 828 34E +03 -3.083 424 48E +03 -2.797 365 44E +03
a9 2.4403359115E +04 1.381920273 7TE+04 ~ 9.782378 TAE+03  8.115062 78E+03  7.154 460 08E +03  6.549 786 13E+03 6. 130 943 60E +03
al0 -7.977993 020 0E +03 -3.997 260 949 3E +03 -2.611 899 06E +03 -2.04505593E+03 -1.723 844 44E+03 -1.521 664 07E +03 -1.381 520 64E +03
bl -6.654 444 310 9E-01 -6.657 707 852 3E-01 -6.655 054 65E -01 -6.653 500 32E-01 -6.652 170 80E -01 -6.651 032 66E-01 -6.650 044 89E - 01
h2 4.839 556 166 3E-01  4.921 897 888 1E-01 ~ 4.957273 96E-01 ~ 4.977599 98E-01 ~ 4.990 639 17E-01  5.000 077 43E-01  5.007 466 43E -01
b3 -1.596 446 922 1E+00 -1.309 300 627 SE+00 -1.250 037 24E+00 -1.246 528 03E +00 -1.260 877 52E+00 -1.28 0495 56E +00 -1.300 879 S8E +00
b4 5.734 839505 4E-01  2.283136207 IE-01  9.32779442E-02  2.12779516E-02 -2.084 178 97E-02 -4.860 719 28E-02 -6.857 293 72E - 02
bS 1.789 698 922 8E +00  2.019 415567 SE+00  2.271 882 77E+00  2.432 800 65E+00  2.545 662 28E +00  2.631 230 38E +00  2.699 362 03E +00
b6 -4.3275129944E -01  -4.697 274 956 1E-03  1.037468 12E-01  1.497 761 45E-01  1.72795743E-01  1.85501588E-01  1.930 142 84E -01
b7 1.439 338 856 4E +00  -2.034 145921 6E-01 -3.306 731 29E -01 -2.517 563 90E -01 -1.468 729 26E-01 -3.891 878 43E-02  6.461 840 54E - 02
b8 -8.219009 282 8E-01 -3.369 305 813 IE-01 -2.533 886 63E-01 -2.129 2821 SE-01 -1.89545537E-01 -1.749856 42E-01 -1.651 220 42E - 01
h9 -1.945096 581 OE +01 -1.153 450 623 2E +01 -1.048 765 34E+01 -1.04333229E +01 -1.063 653 20E+01 -1.092 611 79E+01 -1.123 849 02E +01
bl0  7.2578635859E+00  3.789 085707 6E+00  2.94387532E+00  2.55498947E+00  2.34442589E+00  2.216450 86E+00  2.131 647 91E +00

Tab.2 The coefficients of m I modes which are valid for arbitrary spin parameters

(L,m) (2,1) (3,2) (3,1) (4,3) (4,2) (5,4) (5,3)
al 1052770 768 SE+00 -1.214524 079 [E+00 -7.215243 63E-01 -1.261 23724 7E+00 -8.679 860 BE-01  -1.278 159339 IE+00  -9.613 795 17E - 01
a2 -9.324 146275 6E-01  -8.5923599933E-01  -3.111 138 95E-01 -8.9933197223E-01 -4.681233 60E-01 ~ -9.703 447 884 9E -01 ~ -6.731 221 87E - 01
a3 1675907 847 6E+01  3.195 184 522 1E+00  -7.487 837 60E +01  4.570 736 49 4E+00  -5.328 428 12E+00 2. 8215508168E +00 6.604 643 86E +00
ad -1.866 925338 TE+01 2. 1653247307E +00 -7.293 641 3TE+01  1.2609902334E +01 -2.567 454 00 +01 1.261 197 025 9E+01  -2.305 766 46E +01
a5 -5.649 576 992 6E +01 - 1. 8136285643 +01 LOTI2R233E+02  -3.9533270552E+02  5.930 784 62E +02 -5.259 624 937 6E +02  8.053 501 80K +02
a6 -7.000626 1S84E+02 -1.608 723 142 [E+02  -2.356214 9E +03  2.422543 022 IE+02  -8.125414 22E+(2 3.0038340199E +02 -7.089 929 89E +02
al 3.582975 744 6E+03  2.607 784 185 2E +03 1.065290 0E +04  -7.2699350331E +02 6.307 948 99E +03 -1.766 1904159E +03  6.821 782 S9E +03
a8 -4.072367 94 9E+03 - 1.8307910870E +03 ~ -1.061 43 76E+04 1. 5064300121 +02 -3. 740910 3E+03  6.077441 1335E+02  -3.260 189 05E +03
a9 5.895914 952 2E +03 4.0759893996E +03 1278 645 27TE+04  8.613 538 008 4E +02 5.93846520E +03 -2.428 063956 TE+02  5.865 753 H4E +03
al0 -2.6369522580E +03  -1.416 189295 2E +03  -5.466 732 44E+03  -2.997 659 405 1E +02  —1.964 094 28K +03 3.2316814336E +01 -1.710 891 35E +03
bl -7.498459329 6E-01 -4.444274 746 5E-01  1.489391 69E-05  -3.125286 683 4E-01  2.647 462 47E - 05 -2.400 546 485 3E-01  8.637 496 12E-06
h2 -2.839 48709 [E-01 -1.9938456069E-01 -1.487 913 0K -04 -1.477055 1822E-01  6.534 131 16E-06 -1.160 784 388 9E -01  1.229 922 70E - 04
b3 1.747 103 0 80 SE +00 9.5804558412F - 01 -1.855297 I8E+00 5.615761 219 8E-01  -1.42108748E+00  3.220 733346 7TE-01 ~ -1.181 170 99E +00
b4 -2.058 311481 IE-01 -1.4524057397E-01  7.593 551 I0E-03  -1.061 982 134 6E-01  6.023 156 S4E-03 -8.253 777360 0E-02  5.701 244 10E - 03
b5 -3.848 381 458 4E 01 1.053 911 289 OE -01 9.258 085 33E-01  2.572 512 640 7E -01 6.916 928 47E -01 3.301 909 793 5E -01 5.825 528 38E - 01
b6 -1.7358035%3E-01 -1.2348451952E-01  2.401 44 37E-02  -9.053 306463 3E-02  1.996 986 76K - (2 =T.114902 281 TE-02 1,697 433 69E - 02
b7 1025372823 5E 400 -1.4515728482E+00 -1.183304 BE+00 -1.602 668 834 0E+00 -7.516 288 7IE-01 ~ -1.695 667 401 9E+00  -7.465 129 S8E - 01
b8 2.118001 1100E-01  7.9827705222E-02  -4.8394860E-02  2.541511 106 5E-02  -3.61239291E-02  3.9055128236E-03  -5.038 559 88E -02
9 -3.277 98 T3 9E-01  -1.962 138 611 3E-01  -1.33205930E-01 -1.32399 540 7E-01  -1.13130256E-01 ~ -9.795818 720 [E-02  -9.312 859 92E -2
bl0  3.840 876 660 1E +00 1.9580717285E +00 6.859 871 0E-01  1.275477 84 9E+00  4.377 747 19E -01 9.275 896 964 OE - 01 3.706 435 02E -01
bl 1.898 117 342 3E - 01 9.9713522137E - 02 5.66233393E-02  5.734 332634 4E-02 1.393423 13BE-02 4128251937 6E-02  3.809 151 S4E-03
bl2  -3.760058 326 8E-01 -2.135 188340 9E-01  -2.55948286E-01 -1.370375958 IE-01  -1.830564 I0E-01 ~ -9.525244 348 9E-02 - 1.511 390 10E - 01
bI3  -5.4083155328E+00 -3.44 90448 5E-01 -5.408 792 TTE-01  4.2430865177E +00 1.408 585 63E +00 8.035 869 836 OE+00  4.002 746 4K +00
bl4  3.8805028093E+00 -8.6166033197E-01 -3.40328042E+00 -2.948 588 8052E+00 -2.758 882 78E+00  -4.219616 783 6E +00  -3.382 162 03E +00
bIS  -1L829751923E+00 -4.374 48 2206E-01  1.442 549 STE+00  5.469 939 110 7E -02 9.175 048 99E - 01 2.777109 115 4E -01 8.199 623 STE-01
b6 1.830 246 385 TE+00  9.950 914 027 5E -01 5.428 11390E-01  6.292 281 918 2E -01 6.257 180 75E - 01 4.408 837 023 4E - 01 5.069 086 S3E -01
b7 -7.231239 134 3E-01 -4.4774174549E-01  3.76265531E-01  -3.026 738 627 0E-01  2.073 868 92E -01 -2.200669 712 7TE-01 1767 621 32E -01
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Tab.3 The coefficients of m I modes which are valid for arbitrary spin

parameters ( continued from the previous Table)

(l,m) (6,5) (6,4) (7,6) (7,5) (8,7) (8,6)

al - 1.284 669 626 4E +00 -1.023 686 54E +00 -1.286 885 692 6E +00 - 1.067 186 06E +00 -1.287 156 405 3E +00 -1.098 629 59E +00
a2 -1.028 085 358 6E +00 -8.018 141 73E -01 -1.074 299 838 6E +00 -8.729 259 81E -01 -1.112 844 024 7E +00 -9.493 332 28E - 01

a3 1.472 347 159 8E +00 1.331 757 94E +01 3.538912 110 1IE-01 1.470 839 95E +01 -4.483 256 765 8E - 01 1.681 129 21E +01
ad 1.233 619 655 0E +01 -1.949 464 27E +01 1.211 704 144 4E +01 -1.334 258 45E +01 1.177 919 725 6E +01 -1.095 846 19E +01
a5 -6.295 934 462 4E +02 8.256 516 91E +02 -7.202 933 852 4E +02 6.449 319 28K +02 -7.913 400 649 7E +02 5.133 524 47E +02
a6 3.317760 482 SE +02 -5.805 996 54E +02 3.543 042 634 6E +02 -4.002 443 63E +02 3.670 096 018 6E +02 -2.817 181 47E +02
al -2.554 337752 5SE +03 6.363 796 0SE +03 -3.221 407 957 TE +03 5.017 946 87E +03 -3.743 105 003 4E +03 3.635410 10E +03
a8 8.825 612 315 5E +02 -2.672757 82E +03 1.080 513 340 4E +03 -1.940 072 55E +03 1.213 302 355 1E +03 -1.302 454 87E +03
a9 -1.035 957 835 9E +03 5.200 570 93E +03 -1.672 525 626 2E +03 4.094 932 64E +03 -2.163 146 999 8E +03 2.769 624 85E +03
al0 2.394 108 437 OF +02 -1.398 835 46F +03 3.884 784 872 8E +02 -1.041 371 23E +03 4.930 809 690 9E +02 -6.697 859 19E +02
bl -1.945 164 876 SE - 01 -9.276 115 11E - 06 -1.633 498 982 9E - 01 -2.038 498 55E - 05 -1.407 190 719 SE -01 -3.844 786 49E - 05
h2 -9.515 748 050 1E - 02 2.027 543 61E - 04 - 8.042 045 305 6E - 02 2.429 559 19E - 04 -6.952 745 576 TE - 02 2.947 547 50E - 04
b3 1.616 957 762 2E - 01 -1.037 429 03E +00 4.672 632 203 4E -02 -9.452 610 92E - 01 -3.973 763 880 8E - 02 -8.822 969 64E - 01
b4 -6.696 064 958 1E - 02 5.275 095 39E - 03 -5.603 822 042 2E - 02 4.441 613 54E-03 -4.798 581 364 9E - 02 4.472 312 63E - 03
b5 3.713 537 497 2E - 01 5.269 446 85E - 01 3.970 585 853 1E -01 4.974 969 T7E - 01 4.142 646 130 1E - 01 4.795 464 35E - 01
b6 -5.880 191 795 7E - 02 1.384 682 88E - 02 -5.035 312 483 9E - 02 9.851 393 53E-03 -4.423 774 113 6E - 02 8.134 474 34E - 03

b7 -1.761 680 654 6E +00 -8.303 057 98E -01 -1.811 577 697 2E +00 -9.222 636 92E - 01 -1.851 033 718 8E +00 -1.025 660 83E +00
b8 -8.913 465222 1E-03 -5.772 940 54E - 02 -1.798 016 664 8E - 02 -5.328 945 31E - 02 -2.514 783 323 2E - 02 -6.246 975 95E - 02
b9 -7.656 351 667 3E - 02 -7.714 853 62E - 02 -6.221 179 635 7E - 02 -6.604 892 80E - 02 -5.198 227 811 6E - 02 -5.512 043 24E - 02
b10 7.262 728 764 TE - 01 3.360 048 80E - 01 5.989 234 342 OE - 01 3.021 497 74E-01 5.131 412395 0E-01 2.827 435 30E-01
bl 3.334 719 854 OE - 02 -1.008 563 04E - 03 2.858 141 839 6E -02 7.366 687 00E - 03 2.518 675 868 1E -02 -1.145 914 59E - 03
bI2  -6.882 351 666 3E -02 -1.236 445 70E - 01 -5.083 061 206 8E - 02 -1.021 380 72E - 01 -3.788 455 622 6K - 02 -8.186 363 93E - 02
b3 1.123 533 316 8E +01 6.663 174 11E +00 1.396 627 392 SE +01 8.965 918 11E +00 1.633 311 534 2E +01 1.148 134 38E +01
bl4  -5.115 762 205 6E +00 -4.044 250 61E +00 -5.785 792 946 OE +00 -4.541 680 77E +00 -6.308 317 376 1E +00 -5.126 363 20E +00
bl5 4.119 160 672 2E - 01 7.794 020 04E - 01 5.035 774 531 SE-01 7.302 170 85E - 01 5.716 361 550 8E - 01 7.585 683 87E -01
b16 3.254 993 908 4E - 01 4.118 102 02E - 01 2.488 170 838 3K -01 3.422 348 T3E - 01 1.946 094 600 7E - 01 2.750 452 22E - 01
bl7  -1.683 854 673 1E-01 1.501 910 73E - 01 -1.338 063 291 4E - 01 1.280 367 06K - 01 -1.093 677 281 1E-01 1.113 988 36E - 01

Tab.4 The coefficients of m =1 modes based on grouped scheme of ¢

gel -0.9, -0.3]

(l,m) (2,2) (3,3) (4,4) (5,5) (6,6) (7,7) (8,8)

-1.0238324580E +00 - 1.1666709303E +00  -1.22272692E+00  -1.24871128E+00  -1.26189710E+00  -1.26889946E +00 - 1.27265256E +00
a2 -1.9322199595E+00 - 1.6982239660E +00  -1.60902141E+00  -1.57637497E +00  -1.55572345E+00  -1.54327211E+00  -1.53515569E +00
a3 1.6776389322E +01 1.3522892311E +01 1.52343985E +01 1.59397414E +01 1.68469663E +01 1.76268760F +01 1.83115555E +01
a4 1. 5479500994 +00 -4.5947443723E+00 - 1.53361972E+00  -4.60682085E +00  -4.63210420E+00  -4.65496324E +00  -4.67896082E +00
a5 -1.8192624506E +02  4.4491319332E +01 -1.63486330E+02  9.61889434E +01 1.12861272E +02 1.27440952E +02 1.41141272E +02
a6 3.2194663895E +02 -1.1723638062E +02  1.49851451E+02  -8.81108308E +01 ~ -8.67098630E+01  -8.68703322E +01  -8.79866887E +01
al -2.8278341579E +03 3. 1460308602E +03 -2.74939294E +03  2.37755084E +03 2.41794886E +03 2.52894255E +03 2. 68274200 +03
a8 1. 1598395745E +03 -2.2182522609E +03  1.33145017E+03  -1.13484716E+03  -1.04550190E +03 ~ -1.01878762E+03  -1.02397840F +03
a9 3.8601428713E +03 1. 1817432401E +04 -4.40918219E +03  5.59282833E +03 5.10341458E +03 5.03984615E +03 5.20453936E +03
al0 -2.1967780648E +03 ~ -4.1773977137E+03  1.29946841E+03 ~ -1.61518616E +03  -1.38602416E+03  -1.30771783E+03  -1.30378969E +03
bl -6.6793220453E-01  -6.6720424772E-01  -6.66774242E-01  -6.66644827E -01 ~ -6.66590257E-01  -6.66567923E-01  -6.66561334E - 01
b2 4.8236679011E - 01 4.9366060333E - 01 4.98425955E - 01 4.99738762E - 01 5.00319603E - 01 5.00535784E - 01 5.00576061E - 01
b3 -1.6020559274E +00  -1.2881524285E+00  -1.21738255E+00  -1.20711300E +00  -1.21573028E+00  -1.23054412E+00 - 1.24680364E +00
b4 6. 1743192155E - 01 2.3025279218E - 01 5.16814594E - 02 1.62684669E -03  -2.54980053E-02  -3.73635438E-02  -4.17164909E - 02
bS 1. 8780950213E +00 1.7736706475E +00 1. 94668881E +00 2.08945280E +00 2.14658974E +00 2. 18035290E +00 2.20130345E +00
b6 -1.7550106249E +00  -3.5013764659E -01  2.22683987E - 01 4.85011544E - 01 5.69072581E - 01 6.02287370E - 01 6.10935151E -01
b7 - 1.0884445891E +01  -4.4636616536E +00  -7.66607740E-01  6.37091381E - 01 1. 17940168 +00 1.41214060E + 00 1.49317225E +00
b8 -5.7896351908E +00  -2.0368987537E +00  -3.66538715E-01  3.23664389E - 01 5.61783870E - 01 6.56074183E - 01 6.80942539E - 01
b9 -3.0477571172E +01 ~ -1.4349875807E +01 ~ -9.91550018E+00  -8.69174348E +00  -8.27754688E+00  -8.22015261E +00  -8.32555589E +00

b10 -2.0952037398E +01  -6.6926746183E +00  3.41832098E - 01 2.99617757E +00 3.96572457E +00 4.34529193E +00 4.44120523E +00

=N
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( continue)

gel -0.3,0.3]

(l,m) (2,2) (3,3) (4,4) (5,5) (6,6) (7,7) (8,8)

al -1.023911 6454E+00 -1.166 704 7824E+00 -1.22275037E+00 -1.248736 07E+00 -1.261921 19E+00 -1.268923 63E+00 -1.272 677 14E +00
a2 -1.863038361 SE+00 -1.668391076 2E+00 -1.596 688 90E +00 -1.562 546 46E +00 -1.543 337 72E+00 -1.53127447E+00 -1.523 041 24E +00
a3 3.322718 074 OE+01  1.665960 902 2E +01 ~ 1.469 504 60E +01 ~ 1.45568149E +01  1.469438 44E+01  1.479829 30E +01  1.480 878 08E +01
a4 2.730630 887 8E +01 ~ 7.224 840921 IE+00  2.583 051 56E+00  9.23942939E-01  3.198 61548E-01  1.394 039 00E-01  1.604 289 30E-01
a5  -8.304 618864 TE+02 -5.422406 825 0E +02 -4.061 496 10E +02 -3.470 934 58E+02 -3.352356 81E +02 -3.483 629 05E+02 -3.763 340 64F +02
a6 1.7949272323E+03  6.091326 360 SE+02  3.390354 31E+02 2397797 17E+02  2.034933 68E +02  1.925 152 03E+02  1.935 576 10E +02
al  -1.986790 362 0E +04 -8.396 711 985 IE+03 -5.251431 11IE+03 -3.930210 ISE+03 -3.483 039 94E +03 -3.439 753 85E+03 -3.614 761 37E +03
a8 1.389 486 446 SE +04 ~ 4.513 748998 TE+03  2.421 231 26E+03  1.62022229E+03  1.32307584E+03  1.229 12771E+03  1.232 020 43E +03
a9  -3.360 589053 6E+04 -1.193004353 7TE+04 -6.689 183 91E +03 -4.425 562 66E +03 -3.577 644 35E+03 -3.352227 86E +03 -3.449 934 03E +03
al0 1.213431 060 6E +04  3.720 835603 4E+03  1.900 692 86E +03  1.166 709 00E+03 ~ 8.903 283 31E+02  7.990393 70E+02  7.962 688 14E +02
bl -6.625553460 8E-01 -6.651912993 1E-01 -6.658 312 68E-01 -6.660 258 S3E-01 -6.660 908 22E-01 -6.661 035 06E -01 - 6.660 917 86E - 01
b2 5.084 738 1944E-01  5.018 306 197 2E-01  4.989 082 98E-01  4.979 033 35E-01  4.974 503 02E-01  4.972307 13E-01 ~ 4.971 292 27E-01
b3 -1.759096 174 TE+00 -1.349399 188 2E +00 -1.249253 83E+00 -1.22935796E+00 -1.23470725E+00 -1.248 672 ISE+00 -1.265 221 69E +00
b4 -4.228398 000 8E-02 5.589 578 4253E-03  1.93291587E-02  1.654 706 96E-02  1.38355233E-02  1.188 070 41E-02  1.036 135 92E -02
bs 3.800658 9950E+00  2.5112132475E+00  2.284 034 34E+00  2.248297 T2E+00  2.253 596 0SE+00  2.271 285 04E +00  2.293 095 04E +00
b6 7.291799 468 6E-02  2.4752156050E-01  2.851465 96E-01 ~ 2.968 030 52E-01 ~ 3.023 491 95E-01  3.051 348 1SE-01  3.065 048 92E - 01
b7 4.502358 337 8E+00  8.622007 126 IE-01  1.762336 68E-03  -2.577 196 07E-01 -3.428 246 24E-01 -3.586 613 01E-01 -3.431 554 94E - 01
b8 -1.023911 6454E+00 -1.166 704 7824E +00 -1.22275037E+00 -1.248 736 07E+00 -1.261921 19E+00 -1.268 923 63E+00 -1.272 677 14E +00
b9 -1.863 038 361 SE+00 -1.668 391076 2E +00 -1.596 688 90E +00 -1.562 546 46E +00 -1.54333772E+00 -1.531274 47TE+00 -1.523 041 24E +00
bl0  3.322718074 0E+01  1.6659609022E +01  1.469504 60E+01  1.45568149E+01  1.469438 44E+01  1.479829 30E +01  1.480 878 08E +01

¢el0.3,0.7]

(l,m) (2,2) (3,3) (4,4) (5,5) (6,6) (7,7) (8,8)

-1.023 975806 0E+00 -1.166 721 080 OE+00 -1.222793 16E+00 -1.248 781 ISE+00 -1.261 966 02E +00 -1.268 970 16E+00 -1.272 725 61E +00
-1.773 785209 4E+00 -1.632220902 IE+00 -1.548886 17E+00 -1.51374941E+00 -1.49272326E+00 -1.478 671 22E+00 -1.468 500 69E +00
3.318 171 7424E+01  1.485007 940 2E+01  1.120821 58E+01  8.74244137E+00  6.565451 17TE+00  4.463 981 92E +00  2.400 700 48E +00
a4 3.953 835298 BE+01  1.245654 1200E+01  1.270 989 48E+01 ~ 1.188 358 SIE+01  1.193903 80E+01  1.230 958 S9E +01  1.279 855 97E +01
a5  -1.104050 524 8E +03 -6.678 847 665 8E+02 -8.642 866 09E +02 -9.540 746 77E +02 -1.067 275 14E+03 -1.188 128 91E+03 -1.310 196 08E +03
a6 1.765670 955 2E+03  6.364 340 267 SE+02  6.480 557 78E+02  6.11824735E+02  6.12351291E+02  6.261 317 SOE+02  6.450 250 23E +02
al  -1.584 521768 6E +04 -7.018 461 656 8E +03 -8.233 063 96E +03 -8.510 53542E+03 -9.126 263 28E +03 -9.861 459 69E+03 -1.063 491 43E +04
a8 1.007 746 475 TE +04 ~ 3.520 695 9729E +03  3.616 055 48E +03 ~ 3.402394 SIE+03  3.400 016 S9E +03  3.474 231 99E+03  3.578 477 07E +03
a9  -1.943757060 3E+04 -7.516377 1830E+03 -8.463 821 74E +03 -8.439 697 62E +03 -8.831 046 SSE+03 -9.372034 96E +03 -9.967 170 90E +03
al0  6.701 134943 0E+03  2.262 034338 IE+03  2.348297 02E+03 ~ 2.20493971IE+03  2.202448 11IE+03 ~ 2.251 088 77E+03  2.319 908 21E +03
bl -6.733755278 4E-01 -6.696 972 546 1E-01 -6.691 529 88E-01 -6.690 190 65E -01 -6.690 404 96E -01 -6.691 115 33E-01 -6.691 907 72E - 01
b2 5.843 602324 OE-01  5.360 214 944 8E-01  5.281 348 VE-01 ~ 5.25944581E-01  5.257 183 07E-01  5.262380 99E-01  5.270 649 02E -01
b3 -1.662 151 538 SE+00 -1.308 471 947 2E +00 -1.22523587E+00 -1.209 000 88E +00 -1.214 680 96E+00 -1.227 731 14E+00 -1.242 875 58E +00
b4 -1.061 146392 6E+00 -4.9751314659E-01 -4.58788526E-01 -4.654521 7IE-01 -4.851 613 02E-01 -5.079 250 93E-01 -5.309 124 33E -01
bS 3.827859 278 TE+00  2.543 651 584 SE+00  2.458 352 30E+00  2.453 527 79E+00  2.473 069 37E+00  2.498 109 78E +00  2.523 821 38E +00
b6 -7.7562936350E-01 -3.514346 900 2E-01 -1.81350255E-01 -1.498 871 63E-01 -1.43849022E-01 -1.472555 92E-01 -1.545 721 20E - 01
b7 1.045517070 6E +01 ~ 4.621 358 9375E+00  3.513016 07E+00  3.34781209E+00  3.418470 95E+00  3.57041209E+00  3.750 261 44E +00
b8 1.320 082 877 IE+00  1.248 327500 3E+00  1.081 576 71IE+00  1.120461 83E+00  1.177 360 62E +00  1.236 087 00E+00  1.292 288 06E +00
b9 -2.960 658 687 9E +01 -1.530 065 544 8E +01 -1.289312 11IE+01 -1.229595 ISE+01 -1.225191 17E+01 -1.241 651 T3E+01 -1.266 591 48E +01
bl0  -7.235679 546 4E-01 -1.490 112967 0E+00 -1.502417 12E+00 -1.789 770 19E +00 -2.056 088 47E +00 -2.294 870 87E +00 -2.508 250 94K +00
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(continue)

qe[0.7,0.9]

(1,m) (2,2) (3,3) (4,4) (5,5) (6,6) (71,7) (8,8)

al —10237130298E+00 - 1.166 658 087 IE+00 - 1.222 731 64E+00 - 1.248 720 SOE+00 ~1.261 912 67E+00 ~1.268 916 07E+00 ~-1.272 669 58E +00
£ -L7T94 64263 6E+00 -1.621 1932224E+00 -1.532 744 $2E+00 - 1.494 294 70E +00 - 1.467 808 06E +00 ~1.450 362 30E +00 - 1.437 271 19E +00
B 2046890798 3E+01  1.300712770SE+0L  1IS67575SE+01  1.01943943E+01  8.528 950 06E+00  7.003 335 0SE+00  5.477 075 T4E +00
W L629599083E+01  5.3629475620E+00  5.947955 2E+00  5.70737817E+00  6.303486 32E+00  6.799 447 T8E+00  7.313 881 99E +00
S -5.004421 387 OE+02 -3.347 118 008 8E+02 -4.131 285 79E +02 -4.485704 8IE+02 -5.14 144 I8E+02 -5.758 377 0TE +02  -6.368 303 10 +02
6 6.2311659804E+02  2.7279053224E+02 2709958 2E+02  2.556 013 33E+02  2.651 145 S3E+02 2743705 S0E+02 2850 99 738E +02
O —4.305486 276 4E+03 -2.273 153 S89TE 403 -2.543 S24 21E +03 ~2.597 673 SAE+03  -2.862 367 §TE+03 ~3.114 178 I6E+03  -3.374 011 4E +03
@ 2.4680123729E+03  1.040409 109 8E+03 1028 8I792E+03  9.628231S0E+02  9.93500091E+02  1.026 086 92E+03  1.064 995 04E +03
©  -3.485493596 2K +03 - 1.544287 1523E+03 - 1.661 606 93E +03 1639724 14E+03 - 1.772 818 93E+03 1,904 164 SOE +03  -2. 043 409 99F +03
al0 1125 5280849E+03  4.333 129781 3E+02  4.330 12702E+02  4.041 597 0SE+02  4.188420 SOE+02  4.346 140 63E+02  4.530 582 T3E +02
bl -6.797912 744 8E-01 -6.720 621 720 2E-01 -6.71947293E-01 -6.71849338E-01 -6.720348 23E-01 -6.722 772 4SE-01 -6.725 406 46E - 01
W 6.2453844534E-01  5.5213545900E-01 5415411 75E-01  5.3623537IE-01  5.34238399E-01  5.335 163 3E-01  5.334 432 63E -0
B -2.475298992 IE+00 - 1.873 194 636 0E+00 -1.705390 S2E+00 - 1.666 136 3IE+00 - 1.668 274 S0E+00 —1.686 228 9E+00 - 1.709 546 37E +00
b 1063403909 0E+00  1.979 531 9400E+00  2.015068 06E+00  2.18268643E+00  2.350 0031 IE+00 2510300 61E+00  2.656 873 45E +00
B 7.4228506989E+00  1.859 844504 6E+00 7160799 T2E-01  -7.787 803 67E-02 -6.488 202 T8E-01 ~1.101 148 T7E+00 - 1.473 894 84 +00
b6 -2.3877635190E+00 -5.235497761 TE+00 -5.733 668 92E+00 -6.398 077 14E+00 ~7.011 680 91E +00 ~7.569 716 SIE+00 -8.068 740 97 +00
W -6.8815621058E-01 6.911 189730 0E+00  9.083320 17E+00  1.103 847 16E+01  1.26771257E+01  1.408 284 62E+01  1.530 320 42E +01
B -9.954 888325 3E-01 3.3584939512E+00  4.20588447E+00  4.978 654 S0E+00  5.602755 SSE+00  6.139 186 60E+00  6.604 012 24E +00
B -3.0364954320E+01 ~-1.7952327309E +01 - 1.588 692 4E+01 -1.547953 21E+01 ~-1.560 625 99E +01 ~1.591 883 46E +01 - 1.629 882 79 +01
IO 1372472520 0E+01  2.847 195462 5E-01  -2.918 044 29E +00 -5.002 550 10E+00 -6.517913 10E+00 -7.717 042 63E+00 ~8.705 299 80F +00

Tab.5 Fitting results of a;*"™, ap™™, ai>™™ and coefficients for a;"°, ai"*

s ’

afoN 5237253010 TE+00 p,  —2.696 214 919 4E +02  pg 3.551554 985 TE+02  pjy  1.291 757 498 OE +03
alltN 7,773 892 177 1IE+01  p;  8.997 620 335 5E +01 p; -1.590451 617 6E+03 p;,  —-2.091 788 653 OF +02
albeNS 4511589427 8E 402 p,  -3.841 746 785 TE +02  pg 1.576 498 655 3E +03  p,  —1.084 215 885 9E +03

P1 3.770 790 555 OE +02 Ps -7.961 912 247 1E +01 Po -9.284 185336 1E+02 py3 4.291 650 420 9E +02
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