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Decoherence of temporal quantum correlation in electrically

controllable quantum-dots molecules
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Abstract: The decoherence of temporal quantum correlation is explored in a voltage-controlled quantum dots
molecule coupled to a cavity. The temporal correlation in the optoelectronic hybrid system is studied based
on Leggett-Garg inequalities. The inequality violations can be interpreted as the existence of temporal
quantum correlation during dynamical evolution. The temporal quantum correlation is enhanced by its elec-
tron tunnel’s strength and cavity frequency detuning. It is found that there is no temporal quantum correla-
tion in the regions where the values of spatial quantum correlation are zero and the maximal violations occur
in conditions with high values of quantum correlation. In contrast, the spatial quantum coherence can still ex-
sit when the value of temporal quantum correlation is zero. The method of open quantum system dynamic is
used to study the effect of reservoir memory on temporal quantum correlation. The temporal quantum correl-
ation can be suppressed due to the spontaneous decay of the quantum dots and cavity leakage. These results

are helpful for quantum information processing technology in hybrid quantum systems.
Key words: temporal quantum correlation; quantum dots molecule; Leggett-Garg inequalities; hybrid
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1 Introduction

Quantum correlationst'? have become neces-
sary resources in quantum information sciences and
technologiest™™. The presence of nonclassical correl-
ations can distinguish quantum worlds from classic-
al worlds™®. Bell inequalities™ play a fundamental
role in the nature of correlations between spatially
separated systems. Test of the violations of Bell or
Clauser-Horne-Shimony-Holt (CHSH) inequalities
can demonstrate quantum nonlocality™®. Spatial cor-
relations can be quantitatively evaluated by quantum

11-12]

entanglement!""'?, quantum discord"*'¥, quantum

18191 From

coherence!™” and other characteristics!
the viewpoint of time sequential measurements,
Leggett and Garg put forward a similar inequality
whose violation can be qualitatively used to estim-
ate temporal correlations®. Leggett-Garg inequalit-
ies (LGIs) must be verified by sequential measure-
ments acting on a single system at different times,
which is distinct from Bell inequalities that concern
multiple parties spatially separated from each other.
The violations of LGIs are inconsistent with two as-
sumptions of macroscopic realism and noninvasive
measurability®?!. The macroscopic realism of phys-
ical states implies that measurements on a system
simply reveal the values which exist at previous
times. Noninvasive measurability ensures that such
measurements can be performed without disturbing
the dynamical evolution of the states.

In recent years, many experimental tests of
LGIs have been carried out in setups including Ry-

dberg atoms*?, photonic systems™, superconduct-

doi: 10.37188/CO.EN-2022-0025

ing circuits®! and a quantum computer™!. With the
rapid development of quantum engineering techno-
logies, feasible quantum systems have extended
from qubits to multilevel quantum systems?**,
Among these fantastic quantum systems, electric-
ally controllable quantum dots molecules have been
extensively applied in quantum optics and con-
densed matter physics because of their high nonlin-
ear optical susceptibility, large electrical dipole mo-
ments of band transition and great flexibility in
designing devices®. A unity of two or more
quantum dots with closely spaced couplings can be
referred to as a quantum dots molecule which is
modeled as one kind of artificial multilevel atom®".
Electric voltages can be used to generate electron
tunnels between two neighboring quantum dots®,
Meanwhile, level transitions can be induced by dir-
ect couplings between a cavity and a quantum dots
molecule®’. How do electron tunnels, cavity coup-
lings and environmental noises affect quantum cor-
relations in such systems? This question motivates
us to theoretically evaluate temporal and spatial
quantum correlations in hybrid multilevel systems.
The structure of this paper is organized as fol-
lows. In Sec. 2, we present witnesses about tempor-
al and spatial quantum correlations. The general ex-
pression of LGI based on two-time correlation func-
tions is given by the open system approach. Tem-
poral correlations are qualitatively estimated by vi-
olations of LGI and quantum coherence based on /; -
norm is used to measure spatial correlations. In Sec.
3, we describe the model and Hamiltonian of an
electrically controllable quantum dots molecule in a

cavity. Quantum correlations with respect to level
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transitions are established by external voltages and
cavity couplings. In Sec. 4, we provide our main
analytical and numerical results about the dynamics
of temporal and spatial correlations. The explicit ex-
pressions of the LGI violation and quantum coher-
ence are analytically obtained by the quantum dy-
namic method. The quantum master equation for a
quantum dots molecule is exploited to numerically
study environmental effects on temporal correlation.

We will discuss our conclusions in the last section.

2 Quantum correlation in a general
evolution

As a temporal analog version of Bell inequalit-
ies, one simple form of LGI®" can be obtained by
performing three measurements of time such that
to < t; < t,. According to two-time correlation func-
tions for a dichotomic observable Q(f), we define

the LGI as,

K3 :C(t(),tl)"rc(tl,fz)—C(to,t2)<1 . (1)

Here the two-time correlation function is writ-
ten as C(t;,t;) = (f)(ti)ﬁ(tj)) where Q(7) denotes the
time evolution of the observable Q inthe Heisen-
berg picture. For a multilevel system, the Hamiltoni-
an H has a complete set of energy levels with
{l@),@=1,2,---,d}. The dichotomic observable Q is
chosen to be Q = M*— M~ with the corresponding
values m = +1. If the system of interest is in a spe-
cific energy state |@) at an initial time #,, we can
define M* =|a)a| and M- =Z|,B)<,B|[26]. In this

P#a
condition, the performance of the dichotomic oper-

ator Q determines whether the system is still in the
state |@) with a measurement value of m=1 or
whether it has undergone a transition from |a) to
other orthogonal states |8) with the other outcome.
The violation of K3<1 is a signature of the quantum
nature of the system during time evolution. We can
define the violation of the inequality as VLGI =
max(K; —1,0) characterizing the occurrence of tem-

poral correlations. The quantity of VLGI,,,, repres-

ents the maximum degree to which a system can vi-
olate the Leggett-Garg inequality.

To obtain the explicit expression of time cor-
relation functions, we need to know the time evolu-
tion process of the system. In general, a dynamical
map governing the time evolution of a system from
titot;isgivenby ®, _, i.e.,o(t;) = ®,, [p(;)]. Inthe
following, we take into account a quantum dynamic-
al semigroup which satisfies ®, @, (=D, .
The map for a closed system can be expressed by
the unitary operator p(t;) = U(t;,t)p(t)U(t;,t))
where U(t;,t;) = T exp |:—1J;l ﬁ(t’)dt’] is the unitary
operator and 7 is the order of time. For an open sys-
tem coupled to its surroundings, the time evolution
of the system can be described by the quantum
Lindblad equation gtp(t) = I:[p(t)] where [ is a
Lindbladian superoperator. The general form of the
superoperator consists of one unitary part generated
by the Hamiltonian H and the other part generated
by a dissipator. The two-time correlation function
C(t;,t;) can be defined in terms of the joint probabil-
ities,  C(t,t)= Y (mn)- p(£")q(t} — ). Here

man=+

p(t") is the probability of obtaining the measure-
ment value m at a time ¢; and q(t; —1") is the con-
ditional probability of getting the value n at the lat-
ter time ¢;, given that the previous value m is meas-
ured at #;. In combination with a dynamical map, the

measurement probabilities are written as

P = Te(M"™- @, o [p(0)]}

q(t] 1) = Tr{M”-tD,ﬁ[A]} (2

p")

Joint measurability®

plays an important role in
determining two-time correlation functions.

Spatial quantum correlation can be treated
quantitatively by defining the /;-norm as a coher-
ence measurement'”. The /;-norm of a matrix is re-
lated to the absolute value of the elements of the
matrix. Where a definite Hilbert space has a refer-

ence orthonormal basis {|;)} and a /;-norm of coher-
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ence of a state p = Zp/k |jy<k| , the measure of
jk

quantum coherence for a density matrix is de-

scribed as Q(p) = Z lojxl. The value of spatial cor-

relation can be givej:;rtlk by the summation over the ab-
solute values of all the off-diagonal elements of the
density matrix. According to temporal and spatial
correlations, we will investigate the quantum nature
of a system in the two approaches. The quantum
nature is revealed if the states of the system occur in
the form of a coherent superposition of Hamiltonian
eigenstates. The LGI violation is considered a qual-
itative test and quantum coherence based on /;-norm

is referred to as a quantitative estimation.

3 Model and Hamiltonian of a hy-
brid system

Rapid development in laser and semiconductor
technologies has made it possible to fabricate hy-
brid systems applied to quantum information
tasks®, Among these hybrid systems, quantum
dots molecules coupled to cavities have attracted
much attention in recent years. It is known that level
transitions between different electronic states in
quantum dots molecules can be excited by external
voltages and laser fields. We consider a quantum
dots molecule composed of two self-assembled

(In, Ga)As/GaAs quantum dots with a lateral quan-

2 "
[

_/

tum interaction. The interdot coupling is controlled
by an electrical voltage. This system is coupled to a
microscopic cavity. A scheme for a quantum dots
molecule coupled to the cavity is illustrated in
Figure 1(a) (color online). Some present technolo-
gies can be exploited to produce a homogeneous en-
semble of molecules consisting of two dots aligned
along the [110] direction of the GaAs substrates®”.
A scheme for a double coupled quantum dots sys-
tem is illustrated in Figure 1(b) (color online). The
ground state |0) denotes a level where two quantum
dots are not excited. The state |2) represents a level
in which an electron is directly excited by a laser to
the conduction band in the left dot. The parameter A
is the frequency detuning between the laser’s driv-
ing and level transition. g denotes the strength of
electrical dipole interactions between a molecule
and cavity fields. The application of electrical
voltages induces the transfer of an electron from the
left dot to the conduction band of the right dot. The
indirectly excited state |1) stands for the level trans-
ition by interdot tunnels. 7, is the strength of the
tunnel coupling which can be varied by the external
voltage. The level transition w,; is considered to be
zero due to the negligible energy difference between
the direct and indirect exciton.

By means of the electric dipole and rotating
wave approximation, the Hamiltonian of the hybrid

system in the interaction picture can be expressed as

(b)

g

[0>

Fig. 1 (a) A quantum dots molecule is coupled to a cavity. The symbol V denotes an electrical voltage which is used to con-

trol the electron tunnel. (b) Schematic diagram of band structure and level configuration of a quantum dots molecule.

The system of the quantum dots molecule consists of two dots with lateral couplings. The electron and hole are repres-

ented by the red circle and black circle, respectively
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H =A12)2]+ (A= w11+
(8al2)0|+ T.|1)Q2|+He) , (3

where H.c. is the Hermitian conjugate part and a
represents the annihilation operator for the cavity
mode. In order to obtain a dynamic map of the sys-
tem, we can assume that the initial state of the total
system [P(0)) = [1)|0). = |10) where |0). is the vacu-
um state for the cavity mode. The total system will
evolve in the Hilbert space H spanned by
{I1)|0).,12)|0).,10)[1).}. The eigenvalues E;(j = 1,2,3)
for the Hamiltonian can be obtained by the three
real roots of the equation E*—(2A—wy)E>+
(A? = Awy; — g2 —THE + g*(A — w,) = 0. The corres-
ponding eigenstate |) is given by [¥); =c;[10)+

c20) +¢;3101) where three coefficients satisfy

T, g
jlszﬂ, Cj3:ECj2 and Z|Cjk|2:1.

k
For the closed quantum system, the unitary operator

Ut 1) = Ult;=1) = " expl=iEa(t;=t)gwl s

T
related to the time interval. In a simple case of

c

A =0, wy =0, we can obtain the eigenvalues and

corresponding eigenstates of the hybrid system with

E] = 0, E2,3 = iJ

_ 8oy Le
W) =5110)=—j01)

R 8
|l//>2,3—\/i(iJ|10>+|20>iJ|01>) , @

where the parameter J = +/g?+ T2. The unitary gen-

erator for an interval T can be written as

Ull U12 U13
Un)=| Up Uyn Uxy (5)
U13 U23 U33
For formula 5, the elements are obtained by
g +T?*cosJt iT,sinJt g7,
Un = - 5  VYe=E"77F—VB=""F-
J J ; J
(1-cosJ71), Uxp=cosJt, Usy= —lgsjl T and
T?+g*cosJ
Uy = ——" gjzc Skl Therefore, the dynamic evolu-

tion of the system is determined by the above unit-

ary generator.

4 Dynamics of temporal and spatial
correlation

To evaluate the temporal correlation, we chose
the dichotomic operator Q = M* — M~ where M* =

[1)(1]. Because the measurements satisfy the com-
pleteness ZM’” =1, we can work out a simplified

m=+ ~
expression of C(#;,¢;) only in terms of M* measure-
ment. The general expression of C(#;,¢;) can be sim-

plified as,

Ctist)) =1 = 2Te{M" - @, ., [®, _o(p(O)]} — Tr{®, ., [V @, _o(p(O)]} ~ Tr{®, ., [®, _o(p(O) M ]}+
2TR(M @, [V ®,o(p(O)]} + 2Te{ M ®, ., [®,, o (pONM']} . 6

The closed system evolves in accordance with
the unitary generator of Eq. (5). For an initial state
[¥(0)) =|1)|0)., the reduced density matrix of the

quantum dots molecule after 6 measurements can be

given by,

D, [P, (p(0)] =Tr[U(t; - DU ()pOYU ™ (1)U * @t —1)]®, ., [M+‘Dz,<—o([’(0))] =Tr.[U@—1)
M U)pOVU (1)U " (1= t)]®,, ., [®,o(p(0)M*] = Tr.[U(t; - t)Ut)p(OVU * (t)M* U * (t;-1)] , (1)

where Tr. denotes the partial tracing over the de-
grees of freedom of the cavity.

Assuming that t, —t;, = t; —t; = 7 and 7, = 0, the
two-time correlation functions for the simplest case,

A =0,w,; =0 can be obtained analytically as
C(0,7)=2U} -1, C(0,21)=2U}% -1,
C(r,21) = 1-2Uj +2U}, - 4U;|U o>~

20, Y UuE (8)

j=2.3

g +T2cos2Jt
JZ
on the above correlation functions, the dynamic be-

where the coefficient U], = . Based

havior of the violation of LGI can be shown in
Figure 2. It is seen that the violation of LGI can be
enhanced by the tunnel coupling 7,. The fluctu-
ations of the LGI violation occur with time. At a
given time, the optimal value of an electron tunnel

can give rise to the maximal violation. The effect of
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the frequency detuning A on the LGI violation is
demonstrated in Figure 3. It is shown that the max-
imal violation of LGI increases with a variation in
the detuning. In a sense, the tunnel coupling and
cavity frequency detuning contribute to the genera-
tion of the coherent superposition of the excited

state |1) and other level states.

Fig.2 The dynamics of the LGI violation are plotted as a
function of the tunnel strength 7, when g=1, A=0
and wy; =0. The nonzero values of VLGI demon-

strate the presence of temporal quantum correlation

0.50
0.48
0.46
0.44
. 042}
0.40
0.38
0.36
0.34
032
0.30

VLG,

-4 -2 0 2 4
A
Fig. 3 The maximal LGI violation varies with cavity fre-
quency detuning. The parameters g=1, T,=0.5g

and wy; =0 are chosen

The reduced density matrix for the quantum
dots molecule is given by po(1)=Tr.[U(T)
[P0))W(0)|U*(r)] . The quantum coherence as a

measurement of spatial correlation is obtained as

2
Q(p) = HIT. sinJr(g*+ T cosJr)| . (9)

Figure 4 (color online) illustrates the fluctuat-
ing behavior of temporal and spatial quantum cor-
relations for a quantum dots molecule. There is a re-
lationship between temporal and spatial correlations.
In the time domain where the maximal LGI viola-
tions happen, the values of quantum coherence re-
main high. When no spatial correlation is detected,
there is also no violation of the Leggett-Garg in-
equality. However, the system of interest can main-
tain spatial correlations at a high level even when
the LGI is not violated. It is demonstrated that there
is a distinction between temporal and spatial correla-

tion due to different criteria.

0.8

02F

Temporal and spatial correlation

Fig. 4 The evolution of the spatial and temporal correla-
tion is shown when the parameters g=1, T, =0.5g,
A=0 and wy =0 are chosen. The red dashed line
denotes the spatial quantum correlation evaluated by
li-norm quantum coherence. The black solid line
describes the behavior of temporal correlation giv-

en by the LGI violation

When there is spontaneous, decay and photon
leakage, the evolution of the hybrid system is sub-
jected to environmental noise. The Markovian dy-
namics of the total system can be described by the

quantum master equation

0 D _ Y4 _Kp
200 = ~ilH.p(0)] ;uz@k[pa)] 5Dulp]

aom

where the dissipators i)k[p(t)] = Gup — 200p0 w0+
p0w and D, [p(H)] = atap —2apa* +pata . Here,
0 = 1j)<k| denotes the transition operator from the

|k) to |j) state. The parameters y and « stand for
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spontaneous decay from the quantum dots molecule
and photon leakage of the cavity, correspondingly.
According to the results™, a stationarity condition
holds given that a quantum system evolves under
Markovian dynamics. With stationarity, the evolu-
tion of the system from #, to #; is governed by the
same stochastic differential equation as the evolu-
tion from #; to t,. To numerically obtain the tempor-
al correlation, one kind of Leggett-Garg-type in-
equality is defined as Kj =2C(f),t;)—C(ty, ) =<1

where the time interval is equal to 7. The evolution

of the violation is numerically calculated and shown
in Figure 5 (color online). It is seen that the viola-
tions gradually decrease with time before finally
disappearing in Figure 5(a). The suppressed behavi-
or of the violation is similar to the decoherence of
spatial quantum correlation. The spontaneous decay
from a quantum dots molecule can decline the max-
imal degree of the violation. Similarly, it is demon-
strated that the tunneling coupling can also improve

the temporal correlation under environmental noise.

0.5
(b)
o
0.4 & ¥y
e . "
® =
__‘é 0.3 & =
Q
=~ ]
~ 02} o
]
o
0.1 -
o
[
b
0 02 04 06 038 1.0

T.

¢

Fig. 5 The effects of environmental noise on the temporal correlation are considered when the parameters are g =1, T, = 0.6g,

A =0 and wy; =0. (a) The decreased oscillation of the LGI violation is plotted when the spontaneous decay y = 0.02g

and the cavity leakage « = 0.01g; (b) The maximal LGI violations are plotted as a function of the tunneling coupling for

the different decaying parameters of y = 0.02g, 0.01g which are represented by the red circles and black squares, respect-

ively

5 Discussion and results

We have tested the violation of the Leggett-
Garg inequalities to evaluate temporal quantum cor-
relations in a quantum dots molecule coupled to a
cavity. The coherent superposition between a tun-
neling excited state and other level states was stud-
ied by means of the LGI violation and [;-norm
quantum coherence. When there is no spatial correl-
ation with zero quantum coherence, no violation of
the Leggett-Garg inequalities happens during the
evolution. Moreover, the maximal violations exist in
the time intervals where the system has high values
of spatial correlations. However, there is also some

discrimination between both kinds of quantum cor-

relations. The quantum coherence can persist in time
domains where there is no LGI violation. This fact
shows that the LGI violation and [;-norm coher-
ence are independent measure criteria of quantum
correlation. We have taken into account the impacts
of spontaneous decay from quantum dots and
photon leakage from a cavity on the dynamics of
temporary quantum correlations. And we have
proved that these elements can result in the attenu-
ation of the quantum coherence. The decoherence of
the LGI violation can lead to macroscopic realism
where coherent superposition of the level states will
disappear. We have found that the evolution of the
hybrid system is subjected to spontaneous decay and

photon leakage. The parameters with respect to en-
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vironmental noise accelerate the decline of tempor- ing interactions. With the development of quantum
al quantum correlation. We have demonstrated that information processing technology, these results can
LGI violation can be enhanced by electron tunnel- be applied to hybrid multilevel systems.
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