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Abstract: The refractive index measurements based on traditional wave optical methods are mainly de-
pended on intensity and wavelength detection strategies. Interference spectrometers are widely used as the
most ideal wavelength detecting devices. Interference spectrometers measure the signal intensity, analyze the
change of fringe numbers and the corresponding optical path difference by means of optical power meter, and
then calculate the wavelength of signal light. Therefore, its essence is still based on intensity detection.
However, the resolution of interference signal in intensity detection is restricted by classical diffraction limit,
thus its resolution is difficult to further improve. In order to solve this bottleneck, parity detection which
could break through the classical resolution limit and realize super-resolution refractive index measurement is
proposed in this paper. According to the quantum detection and estimation theory, the expressions for signals
and their corresponding sensitivities of refractive index measurement with parity and intensity detections
were derived respectively and their numerical comparison analysis was carried out. In addition, the effects of
loss on resolution and sensitivity of the output signal were investigated. Numerical results show that the res-
olution of parity detection is 2z VN times that of intensity detection, achieving super-resolution refractive in-
dex measurement. Moreover, the optimal sensitivity reaches the refractive index measurement shot noise lim-
it /l/ (an \/N) The loss reduces the sensitivity and resolution of the signal. The resolution of the parity detec-
tion signal is consistently better than that of intensity detection except for the very large loss and very low
photon number. Finally, the physical essence of the super-resolution refractive index measurement is ana-

lyzed from the detection means itself.
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1 Introduction

Refractive index is an important optical para-
meter of transparent and translucent materials,
which reflects the inherent properties of the sub-
stance and is mainly used in biomedicine, environ-
mental monitoring, petrochemicals, and food pro-
cessing, etc.!'. The measurement of refractive index
allows the detection of relevant indicators of a
sample: for example, obtaining the salinity of sea-
water ), analyzing the contamination of seawater 1),
and determining the quality of food ™. The tradition-
al refractive index measurement methods are di-
vided into geometric optical method and wave op-
tics method. The geometric optical method has low
measurement accuracy P71, poor stability ®l, diffi-
cult mechanical processing, expensive cost ), and
requires high processing accuracy !'"”. Therefore, the
geometric optical method is commonly used in the
field of refractive index measurement, which does
not require high accuracy.

Wave optics methods include wedge interfero-
metry ', Michelson interferometry "%, Fabry-Perot

interferometry ') Newton's Rings interferome-

doi: 10.37188/C0.2022-0119

131 photonic crystal fiber method based on sur-

try [
face plasmon resonance !'® and optical frequency
comb "7, The wave optics method is widely used in
refractive index measurements because of its ad-
vantages such as anti-electromagnetic interference,
compact size, low cost and low loss "*, The wave
optics method uses two main detection methods,
namely intensity detection and wavelength detec-
tion. The wavelength detection takes the Optical
Spectrum Analyzer (OSA) as the main detection
device, and the OSA with better performance gener-
ally adopts the interferometric method to measure
the number of interference fringes and the corres-
ponding optical path difference to obtain the incid-
ent light wavelength, and its essence is to detect the
intensity change of interference fringes, count the
number of fringes, and finally calculate the corres-
ponding wavelength by the optical power meter. In
this sense, OSA is also a wavelength detection
device based on intensity detection. However, the
signal resolution and sensitivity of the conventional
intensity detection are limited by the Rayleigh dif-
fraction limit and the shot noise limit, and it is diffi-
cult to further improve the detection performance.

Since the work of Boto et al. ! was reported, the


http://dx.doi.org/10.37188/CO.2022-0119

436 HE A

(330

#16 %

use of quantum phenomena and detection methods®”
to break the limit of Rayleigh diffraction and thus
improve the performance of interferometric sensing
systems has become a paradigm in the field of inter-
ferometric sensing and remote sensing. Therefore,
the use of quantum phenomena, quantum detection
methods and data post-processing means are expec-
ted to break through the limit of refractive index
measurements and achieve super-resolution refract-
ive index measurements.

A scheme for super-resolution refractive index
measurement using parity detection is proposed in
the paper. The refractive index measurement resolu-
tion of this detection scheme break through the
Rayleigh diffraction limit, thus achieving super-res-
olution refractive index measurement. The intensity-
detection-based refractive index measurement is
also investigated in the paper. Theoretical deriva-
tion and numerical analysis show that: the intensity
detection resolution is the Refractive Index Meas-
urement-Rayleigh Diffraction Limit (RIM-RDL),
and the sensitivity reaches the Refractive Index
Measurement-Shot Noise Limit (RIM-SNL); the
parity detection signal resolution is 2z VN times of
RIM-RDL, and the sensitivity reaches RIM-SNL,
except for the very large loss and very low photon
number, the parity detection resolution has broken
through the RIM-RDL limit. More importantly, the
physical nature of the super-resolution of parity de-

tection is discussed in detail.

2 Measurement principle

The measurement principle of super-resolution
refractive index using parity detection is similar to
the classical Mach-Zehnder Interferometer (MZI),
as shown in Fig. 1. In Fig.1, BS stands for Beam
Splitter, M stands for plane mirror, B(7) stands for
virtual beam splitter, which is used to simulate
photon number loss, and RIS(n) stands for Refract-
ive Index Shift (RIS), which is used to continuously
change the refractive index of the measured sample

(the refractive index of the sample can be changed

by heating, illumination or electric action), where n

is the refractive index of the sample.

N
-

</
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Fig. 1 Schematic diagram of super-resolution refractive in-

"
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dex measurement principle using parity detection
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The coherent state |@) is injected into the inter-
ferometer from incident port a of the MZI, while the
vacuum state |0) is incident from port b. The two
quantum state beams are acted upon by BS1, and the
beam propagating along the clockwise direction pro-
duces a phase shift ¢(n)=k(n—1)I via RIS(n),
where / is the length of the measured sample along
the beam propagation direction and % is the incident
light wave number. The beam, after the loss and the
reflection by the plane mirror M, meets and inter-
feres with the loss-propagated beam propagating in
the counter clockwise direction at BS2. The interfer-
ence signals are received, detected and post-pro-
cessed at the exit ports ¢ and d. The refractive index
of the sample is estimated according to the quantum
detection and estimation theory, and the detection

performance of the system is evaluated.

3 Intensity-detection-based refractive
index measurement

According to the theory of quantum optics, the
direct product state v, = |@)®|0) of coherent state
and vacuum state is used as the input state of MZI,
and the output state after passing beam splitter
BS1is

v = |of V2)|ofV2) . (1

This state has a phase shift ¢(n) due to the

change in refractive index of the sample in one of its
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paths, and both paths experience photon loss. The

state after loss and phase shift is
on=|VTa[V2)|NTae ™"V [N2) . ()

Two beams meet and interfere at BS2, and the
output bimodal quantum state after the interference

can be expressed as

o =0 VT (4070 - 1) 2) o VT (001 1) 2)
(3
The intensity detection is implemented at one
output of the MZI, i.e., the intensity signal at this
output is /= <f> = o Ylaraly),,,, where a' and a
are the creation-annihilation operators at the output,

respectively. After calculation, we obtain

I=TNcos*[In(n-1)/1] 4

where N = |af® is the average photon number of the
incident coherent state beam, T is the photon num-
ber transmission rate, and A is the incident light
wavelength.

According to the expression of Eq. (4), it can
be analyzed that the intensity-detection-based inter-
ferometric signal resolution can be approximated by
the period Any= A/l of the signal, similar to the
classical Rayleigh diffraction limit 4/2, which is
defined here as the RIM-RDL. Therefore, the resolu-
tion limits of conventional intensity- and wavelength-
based detection refractive index measurements are
both A/l. In addition, Eq. (4) also shows that the in-
tensity-detection-based signal resolution is not af-
fected by photon number and loss, which only af-
fect the signal amplitude.

The sensitivity of the intensity-detection-based
refractive index measurement signal can be calculated

from Eq. (4) and the intensity-detection-based Gaus-
sian error propagation formula on; = <i2>—<f>2/
|(9<f > /ﬁn'. Firstly, the average value of the intensity

operator squared is calculated as

() = o (pla* ad )y,

= N*T%cos* [ln(n - 1)/1] +NTcos* [In(n—1)/A]
(5)

Secondly, calculate the partial derivative of the in-

tensity detection signal to the refractive index as
|a<i)/an| = ITNxlsin[2lx(n—1)/A/A . (6)

Finally, substituting Eq. (5) and Eq. (6) into the in-
tensity-detection-based Gaussian error propagation
formula, the sensitivity of the signal can be ob-

tained as

2
M S TNl lsin [l (1 1)/ ]

From Eq. (7), we get 6n1>/l/(27erTN). This

result indicates that the minimum value of the sens-

7

itivity of the refractive index measurement based on
intensity detection is A/ (27tl \/N) This phenomenon
is similar to the shot noise limit 1/ VN. Similarly,
this sensitivity is defined as Refractive Index Meas-
urement Shot Noise Limit (RIM-SNL). In principle,
the sensitivity of the refractive index measurement
signal is limited by this limit for both direct and in-
direct applications of intensity detection.

Fig. 2 (color online) illustrates the sensitivity
curve of the signal for intensity detection refractive
index measurement and the effect of photon num-
ber and transmittance on the optimal sensitivity
(minimum value of sensitivity), where 4=532 nm
and /=5.3 mm. Fig. 2(a) represents the curve of sig-
nal sensitivity with medium refractive index, where
the average photon number N=10 and transmittance
T=1. Fig. 2(b) characterizes output signal optimal
sensitivity as a function of photon number and trans-
mittance. From Fig. 2 (b), it can be seen that the op-
timal sensitivity of the signal increases with the in-
crease of photon number, and the loss of photon
number decreases the optimal sensitivity of the signal.

The above analysis shows that the sensitivity of
the signal can be improved by appropriately increas-
ing the number of incident light photons (power),
but the resolution of the signal is independent of the
number of photons. Increasing the signal transmit-
tance (reducing the loss) can improve the signal
sensitivity, but also has no effect on the signal resol-

ution. However, the improvement of system per-
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formance by increasing photon number and trans-
mittance is still limited to the classical intensity de-
tection framework, and the resolution and sensitiv-
ity of refractive index measurement are still limited
by RIM-RDL and RIM-SNL, and it is difficult to
further improve the resolution and sensitivity.
Therefore, it is necessary to innovate the detection
system to break through the RIM-RDL and RIM-
SNL limitations and thus improve the system detec-

tion performance.

10°
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Fig. 2 (a) Sensitivity curve of intensity-detection-based re-
fractive index measurement and (b) signal optimal
sensitivity as a function of photon number and
transmittance
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4 Refractive index measurement us-
ing parity detection

Parity detection was first proposed by
Bollinger™! when studying trapped ions, and then,
Gerry et al™ implemented phase measurements
based on the concept of parity detection, and the res-
ults of the study broke through the classical resolu-
tion and sensitivity limits to achieve super-resolu-
tion and super-sensitivity phase measurements. For
most of the quantum states, parity detection is the
best detection scheme for parameter estimation. The
parity detection operator IT=¢e™* (N =a'a is the
particle number operator) is closely related to the
Wigner Function, which is exactly the average value

of the displacement parity operator, and the average

value of the parity detection signal can be calcu-
lated by the relationship between the Wigner Func-
tion of the MZI input and output states. For input
state |a) (a|®|0) (0|, its Wigner function can be ex-

pressed as

‘/Vin (‘}”.3) = I/Vloz) (7/) VV\O) (B) 5 ( 8 )

where W, (y) and Wy, (B) are the Wigner functions
for the coherent and vacuum states, respectively,

and their expressions are

2 >
Wi () = = ©

Wi, (B) = %e‘mz . (10)

The transformation relation between the input
and output Wegener functions can be realized by the

following transformation:

Wou (7,8 = Wi (7.8) (an

where ¥ = ycos[nl(n—1)/A]+Bsin[nl(n—1)/1] and

B =—ysin[nl(n—1)/A]+Bcos[nl(n—1)/1].

Thus, the average value of the parity detection

operator can be expressed as

(f1)= gf’; Wo (0,808 . (12)

After considering the photon number loss, the
specific expression for the average value of the par-
ity detection signal can be deduced from the above

analysis as
<ﬁ> — e—ZTNsinZ[nl(n—l)/ﬁ] ) (13)

According to Eq. (13), the parity detection sig-
nal curve is plotted in Fig. 3 (color online) as shown
by the red dotted line, and the intensity detection
signal curve is also plotted in Fig. 3 as shown by the
black solid line using Eq. (4). It can be seen from
Fig. 3 that the Full Width of Half Maximum (FWHM)
of the parity detection signal is significantly smaller
than the FWHM of the intensity detection, which in-
dicates that the resolution of the parity detection sig-
nal is better than that of the intensity detection. In

order to further give a quantitative relationship
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between the intensity detection and parity detection
signal resolution, we use a similar small-angle ap-
proximation method to make an approximation to
Eq. (13), i.e., when nl(n—1)/4 < 1, Eq. (13) can be

approximated as

(fly ey (g

0.8}

0.6

0.4

Parity and ID signal

02f

1.3335 1.3336

n

oL
1.333 4

Fig. 3 Signals of parity detection and normalized intensity
detection are plotted as a function of refractive in-
dex n for the average photon number of N = 100.
The red dotted line and black solid line represent
parity detection (PD) and normalized intensity de-

tection (ID) respectively
K3 Al R S A — AR BRI SR 553 n 1
AL, G S WG THN = 100, £06 04 FIR
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The above approximation shows that this sig-
nal has Gaussian distribution characteristics, then
the width of this signal is Anp = A/ (2nl \/ﬁ) Ac-
cording to the previous discussion, the resolution of
the intensity detection signal is approximated as
An; = A/1, when T = 1, the intensity detection signal
peak is 2z VN times wider than the parity detection
signal peak, which means that the resolution of the
parity detection signal is 2n VN times higher than
the intensity detection. Therefore, super-resolution
refractive index measurements beyond the RIM-
RDL limits can be realized theoretically by parity
detection.

In practical applications, losses are unavoid-
able. Fig. 4 (color online) plots the FWHM of the
parity detection signal varies with transmittance and

photon number, as shown by the red dotted line,

where 4 = 532 nm and / = 1064 nm. For comparis-
on, the FWHM of the intensity detection signal
varying with transmittance and photon number un-
der the same conditions is also given in the figure,
as shown by the blue solid line. It is obvious from
the figure that the resolution of the intensity detec-
tion signal is independent of the transmittance and
photon number, which is consistent with the previ-
ous analysis. It can also be seen that the resolution
of the parity detection signal decreases with the in-
crease of the loss (decreasing transmittance) and the
decrease of the photon number. Only when the aver-
age photon number N < 1.1 and transmittance 7" <
0.011, the resolution of the parity detection signal is
lower than that of the intensity detection, and the
resolution of the parity detection signal is much
higher than that of the intensity detection in all oth-
er cases. Therefore, except for the case of very low
photon number and very high loss, the resolution of
the parity detection signal is higher than that of the

intensity detection.

0.2

B (a) (1 Lo 102) ......... PD
2 1,0. — 1D
T .1 pe—
S
e
. S
1 2 3 4 5 6 7 8 9 10
N
0.2
3 ® PD
C — D
T 0.1 5
= ?\(0.011, 0.102)

T

Fig. 4 FWHMs of parity and intensity detections varying
with the average photon number (a) and transmit-
tance (b)
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The sensitivity of the parity detection signal

can be deduced from the Gaussian error transfer
equation Onp = <ﬁ2>—<ﬁ>2/|¢9<ﬁ>/6n| for the
parity detection signal. First, according to Eq. (13)
and <ﬁ2>: 1, the expression of the uncertainty

of the parity detection signal AIl= 1—<ﬁ>2 =
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V1 —e47Nsi'lml-D/A1 can be obtained, and then the
partial derivative of the parity detection signal with
respect to the refractive index |(')<f[>/c')n| =

S

lated, and finally, the expression of the sensitivity of

the parity detection signal can be derived from the
Gaussian error transfer formula of the parity detec-

tion

1 Vet TNsin'lin(n=1)/41 — |
~ 2T Nnl |sin[2lx(n—1)/A]]

6l’lp (15)

According to Eq. (15), the parity detection sig-
nal sensitivity curve is obtained numerically as
shown in Fig. 5 (color online), where A =532 nm, / =
5.3 mm, N = 100. The red dotted line in the figure
shows the parity detection signal sensitivity curve.
Also, for comparative analysis, the sensitivity
curves of the intensity detection signal are given in
the figure, as shown by the blue solid line in the fig-
ure. The black straight dashed line in the figure is
the tangent line of the two curves. The tangent line
of the two sensitivity curves is a straight line, indic-
ating that the best sensitivity of the signal is the
same for both detection methods. This common tan-
gent line is also the RIM-SNL under the above con-
ditions, i.e., the parity detection refractive index
measurement is a super-resolution detection scheme
based on RIM-SNL.

Next, the effects of photon number and trans-
mittance on the optimal sensitivity of the signal are
considered. Fig. 6(a) and Fig. 6(b) (color online)
show the effect of transmittance and photon number
on the optimal sensitivity of the signal for parity de-
tection and intensity detection, respectively, where
A =532 nm, / =5.3mm . The optimal sensitivity of
the signal increases with the increase of photon
number and transmittance for both detection meth-
ods, and more importantly, the two curves always
coincide in both cases, which indicates that the op-
timal sensitivity is the same for both detections. In
other words, compared to intensity detection, parity
detection cannot further improve the sensitivity of

refractive index measurement.

10?

10° [

“«
107 S o Q o S “ Q
D S
f\;’?;b 5 et 5 A;;'ﬁ 5 o5
NN NN N N

Fig. 5 Sensitivity curves of parity detection (red dotted
line) and intensity detection (blue solid line), and
the black dashed line represents their common tan-
gents
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Fig. 6 Optimal sensitivity of parity detection and intensity
detection signals varying with transmittance (a) and
photon number (b). The red dot dashed line indic-
ates parity detection and the blue solid line repres-
ents intensity detection
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It is known from the previous discussion that
the parity detection signal can break RIM-RDL, and
the sensitivity can reach RIM-SNL. However, the
physical nature of the super-resolution of parity de-
tection refractive index measurement is still unclear,
so further analysis of the nature of the parity detec-
tion refractive index measurement is necessary and
essential.

The interference principles followed in the pa-

per based on intensity detection and parity detection
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refractive index measurements are based on Mach-
Zehnder interferometer, and the input light is a co-
herent state beam, so the resolution improvement is
not related to the interferometer and the input state
beam. Then, the resolution improvement can only
be related to the detection method and post-pro-
cessing method at the output of the system. Intens-
ity detection is a traditional detection method for
direct detection of the intensity of the optical signal
at the output of the system, and its resolution de-
pends on the classical Rayleigh diffraction limit, and
the resolution cannot be further improved. However,
parity detection is a further post-processing of the
optical signal at the output, that is, the number of
photons in the output optical field is classified, and
the probabilities of even and odd number of photons
in the output are counted separately, and then the
statistical distribution of this parity is given, and the
average value of the parity detection operator is de-
rived to obtain the parity detection signal. This
measurement scheme is equivalent to projecting the
measured output state onto an even photon number
state or an odd photon number state, i.e., to obtain
an infinitely compressed quantum state®®>* which is
capable of improving the signal measurement resol-
ution. In summary, the nature of the parity detec-
tion signal resolution enhancement becomes quite
clear. This interpretation is similar to the super-res-
olution parameter estimation performed directly us-
ing the compressed state, with the difference that the
data post-processing is utilized instead of the com-
pressed state, avoiding the tedious preparation of the

compressed state.
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5 Conclusion

In this paper, a super-resolution refractive in-
dex measurement scheme using parity detection is
proposed to address the bottleneck problem of the
resolution of conventional refractive index measure-
ment. The intensity detection, parity detection re-
fractive measurement signal models and their sensit-
ivity models based on quantum theory are derived.
In addition, from the intensity detection model it-
self, this paper analyzes the intensity detection mod-
el on its signal period, and thus defines the intensity
detection signal resolution limit and sensitivity lim-
it. The intensity-detection and parity detection re-
fractive index measurement signal are compared and
analyzed by a combination of model analysis and
numerical methods. The results show that the sensit-
ivity of both detection schemes can reach RIM-
SNL; the resolution of the parity detection signal is
much higher than RDL, which is 2 VN times higher
than the resolution of the intensity detection signal. At
the same time, the resolution of parity detection ex-
ceeds that of intensity detection in almost the entire
loss region. Finally, parity detection is equivalent to
projecting the output state into an infinitely com-
pressed state with an even or odd number of phot-
ons, and the infinite compression will inevitably in-
crease the resolution of the measured signal. This sch-
eme opens a way to break through the limit of clas-
sical resolution detection and provides a new method

for super-resolution refractive index measurement.
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